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x X p(x) ∈ R2

d(x)

X,

|X| = |Y |
π : X → Y

ST (X, Y ; r) =
B,t

∑

x∈X

r(Bp(x) + t, p(π(x))),

r : R2×R2 → [0, 1]

B ∈ R2×2 t ∈ R2

R2 2 × 1



|X| = |Y |

SA(X, Y ; s) =
{a}

∑

x∈X

∑

y∈Y

ax,ys(x, y)

s.t.
∑

x∈X

ax,y ≤ 1, ∀y ∈ Y

∑

y∈Y

ax,y ≤ 1, ∀x ∈ X

ax,y ∈ {0, 1}, ∀x ∈ X, y ∈ Y

s : X × Y → [0, 1]

a |X| × |Y |
a : X × Y → {0, 1} a x ∈ X

y ∈ Y

V
|V| = kv

v(x)

d(x) x ∈ X

X V
Hb(X) = {x ∈ X : v(x) = b} X

b ∈ V hb(X) = |Hb(X)|/|X|
hV(X) R|V|

hV(X) =
∑

b∈V

hb(X) b =
1

|X|
∑

x∈X
v(x),

{ b ∈ R|V| : b ∈ V} R|V|

sV(x, y) = δv(x),v(y) =

{
1, v(x) = v(y)
0, ,



x, y X, Y

SA(X, Y ; sV) =
∑

b∈V

(hb(X), hb(Y ))

X Y

SM(X, Y ; s) =
∑

x∈X

∑

y∈Y

s(x, y)

SM(X, Y ; sV) =
∑

b∈V

hb(X)hb(Y ) = ⟨hV(X), hV(Y )⟩.

X (X, Y ; s) = {(x, y) ∈ X × Y : s(x, y) > δs},

C
(B, t)

H

SR(X, Y ; C, r) =
(B,t)∈H

∑

(x,y)∈C

r(Bp(x) + t, p(y)).

rϵ(p, q) =

{
1, ∥p− q∥2 < ϵ
0, ,

p, q ∈ R2



R0
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1

P
a2

p
a1

x

P (x)

P (x) =

[
a1 a2 p
0 0 1

]
,

p(x) a1(x), a2(x) ∈ R2 p(x)

R0

I3

P R0 P−1 P

P (x) ↔
P (y) x, y X, Y

P (y)P (x)−1



O(n)

H(C) = {P (y)P (x)−1 : (x, y) ∈ C}.

P (y)P (x)−1 ∈ H(C)
(x, y) ∈ C

SH(X, Y ; C, r) =
A∈H(C)

∑

(x,y)∈C

r(A (x), (y)).

(x) = [p(x) 1] x

3 × 1 P2 A ∈ R3×3

B

P (y)P (x)−1

x̂

x ∈ X x̂

p(x̂)(x) ∈ R2 2× 1

P−1(x̂) (x) x

x̂ x(x̂) p(x(x̂)) = p(x̂)(x)

d(x(x̂)) = d(x) x(x̂)

x(x̂) P (x)

x X(x̂) = {x(x̂) : x ∈ X}
X x̂

C

ŜH(X, Y ; C, r) =
(x̂,ŷ)∈C

∑

(x,y)∈C

r(p(x(x̂)), p(y(ŷ)))

=
(x̂,ŷ)∈C

I(C; x̂, ŷ, r),
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b ∈ W hb(X̂) = |Hb(X̂)|/|X̂|

hW(X̂) Rk

rU(x, y) = δu(x),u(y) x, y

ŜH(X, Y ; C, rU) =
(x̂,ŷ)∈C

∑

w∈W

hw(X
(x̂))hw(Y

(ŷ)).

C
x y

C(X, Y ) = {(x, y) ∈ X × Y : v(x) = v(y)};

V (X) = {b ∈ V : Hb(X) ̸= ∅}
X V (X, Y ) = V (X) ∩ V (Y )

X Y f (x̂)(X) = hW(X(x̂))

X x̂

ŜF (X, Y ) =
b∈V (X,Y ) x̂∈Hb(X)

ŷ∈Hb(Y )

⟨f (x̂)(X), f (ŷ)(X)⟩.



f (x̂)(X) X x̂ F (X) =

{f (x̂)(X) : x̂ ∈ X} X

x̂ ŷ

x̂, ŷ

hb(X) = hb(Y ) = 1

n

O(n)

O(j) j

O(nj) O(n2)



O(n) O(n2)

τ

O(n)

F = F (X) G = G(X)



ŜF (F,G) =
f∈F g∈G

sF (f, g),

sF (f, g)

F
h : F→ H

F
H

F
f, g ∈ F

h∈F [h(f) = h(g)] = sF(f, g),

sF(·, ·) ∈ [0, 1]

h ∈ F sh(f, g) = h(f)=h(g)

Eh∈F [sh(f, g)] = sF(f, g)

(·;n, k−1) n kv ku 103 105 102

10−4

{0, 1} f

f̄ ⊂ W W
f̄ = {w ∈ W : f w ̸= 0}

W F = P(W) W



f g

|f̄ ∩ ḡ|

W H = W h : P(W) → W
f̄ ⊂ W h(f̄) = {π(f̄)} π

|W| f̄ , ḡ ⊂W

sF(f̄ , ḡ) =
|f̄ ∩ ḡ|
|f̄ ∪ ḡ|

= J(f̄ , ḡ),

f̄ , ḡ

sF(f̄ , ḡ)

Eh∈F [sh(f̄ , ḡ)] Π = { πi : i = 1, . . . ,m}
m f̄

∈Wm

= (f̄) = [ {π1(f̄)}, . . . , {πm(f̄)}] .

sK( , ) = m− ∥ − ∥0

= (F ) =

{ (f̄) : f ∈ F} F

SM( , ) =
∈ ∈

sK( , ).

×

v̂

v̂ w ∈W

w π

(v̂, w, π)

m ≪ n

O(mj)



O(mn)

m ,

sK( , ) SM( , )

m

(1 − pj)m pj

sum

SK( , ) =
∑

∈

∑

∈

sK( , ).

(ρ, θ)
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ρ (·;λ,κ) λ κ
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SF (X, Y ) =
∑

b∈V (X,Y )

∑

x̂∈Hb(X)
ŷ∈Hb(Y )

⟨f (x̂)(X), f (ŷ)(Y )⟩.

|Hv(X)| = |Hv(Y )| =



1

X̂

hW(X̂) =
∑

w=(v,u)∈W

hw(X̂) (v) w,

(v) v w =

(v, u)

(x̂, ŷ) ∈ C

I(C; x̂, ŷ, r) =
∑

(x,y)∈C

r(p(x(x̂)), p(y(ŷ))),

(x, y) ∈ C x, y

x̂, ŷ

x̂, ŷ

P (x̂), P (ŷ)

x, y

C

C(X, Y )

X, Y

z X

Y ∈ R(X)

X

z ∈ X

αX(z) =
Y ∈R(X) (x̂,ŷ)∈C(X,Y )

x̂=z

I(C(X, Y ); x̂, ŷ),



r

X

α(X) = {z ∈ X : αX(z) > τα}.

F (X) = {f (x̂)(X) : x̂ ∈ α(X)}

α(X),α(Y )

X, Y A(X, Y ) = C(α(X),α(Y ))



z ∈ X

A(X, Y ) Y ∈ R(X)

z y

Y ∈ R(X)

A(X, Y )

δX(z) =
Y ∈R(X) (x̂,ŷ)∈A(X,Y )

(x,y)∈C(X,Y )
x=z

||p(x(x̂))− p(y(ŷ))||2,

z δX(z)

z

z

z ∈ X

iX(z) =

{
−δX(z)2

2σ2
i

}
,

δX(z) σi

ϵ

x̂

X ℓ(x̂)(z) z ∈ X x̂

ρ(x̂)(z) z

ℓ(x̂)(z) =

{
−ρ(x̂)(z)2

2σ2
ℓ

}
,

σℓ

z ∈ X

x̂ ∈ X

β(x̂)
X (z) = iX(z)ℓ

(x̂)(z),



X x̂ ∈ X

β(x̂)(X) = {z ∈ X : β(x̂)
X (z) > τβ},

f (x̂)(β(x̂)(X))

R(X)



(ρ, θ)

ρ

Fλ,κ(ρ) = 1− e−(ρ/λ)κ

[0, 1]

z ∈ X x̂

iX(z) ≤ 1 z

τβ < β(x̂)(x) ≤ ℓ(x̂)(z) ρ(x̂)(z) < (−2σ2
ℓ τβ)1/2

ρ

ρ̄ =

{
1
τFλ,κ(ρ), Fλ,κ(ρ) ∈ [0, τ)
0, ,

τ = Fλ,κ((−2σ2
ℓ τβ)

1/2)

ρ̄ = 0 τ

τβ τ σℓ



τ = 0.2, 0.4, 0.6, 0.8

ρ̄ θ kρ kθ [0, 1] [0, 2π]

kρkθ = ku

τ

nα nβ

α(X)

nα |α(X)| > nα x̂

β(x̂)(X)

nβ |β(x̂)(X)| > nβ

ns
α

β(x̂)
X (z)

δX(z)

δX(z) = 1/ g(z) g(z)

z ns
β
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P

p ∈ P

p 3× 3

F (p) =

[
M(p) (p)

1

]
,

M(p) = σ(p)R(p) σ(p), R(p), (p)

R(p) 2×2 R(p) = 1

θ(p) F (p)

σ0 = 1 θ0 = 0

P,Q c = (p, q)

p ∈ P, q ∈ Q p q



F (c) = F (q)F (p)−1 =

[
M(c) (c)

1

]
,

M(c) = σ(c)R(c) (c) = (q)−M(c) (p) σ(c) = σ(q)/σ(p) R(c) =

R(q)R(p)−1 p q

4

f(c) = (x(c), y(c), σ(c), θ(c)),

[x(c) y(c)] = (c) θ(c) = θ(q) − θ(p)

d F d = 4

d = 6

C

C = {(p, q) ∈ P ×Q : u(p) = u(q)},

u(p) p

P

Q c = (p, q)

u(c) u(p) = u(q)

c = (p, q) ∈ C w(c)

c, c′ ∈ C

α(c, c′)

c = (p, q) c′ = (p′, q′)

p ̸= p′ q ̸= q′ c, c′

P Q



[0, 1] F = [0, 1]d

d = 4

B = {B0, . . . , BL−1} F L

Bℓ ∈ B F 2kd k = L− 1− ℓ

2k 2−k B0

BL−1

Bℓ Bℓ+1 Bℓ

2d Bℓ−1

C P,Q

b

h(b) = {c ∈ C : f(c) ∈ b}

b

|h(b)|

P,Q

n = |C|



Xℓ

ℓ b ∈ Bℓ

ℓ b ĥ(b) = h(b)\Xℓ

m−1 m m > 1

b

g(b) = {0, |ĥ(b)|− 1}.

b0 ⊆ . . . ⊆ bℓ

c ℓ bk ∈ Bk k = 0, . . . , ℓ

k α(c, c′) c c′ ∈ bk

k α(k) α(k) = 2−k

g(bk)− g(bk−1) c

k c ℓ

sℓ(c) = g(b0) +
ℓ∑

k=1

2−k{g(bk)− g(bk−1)}.

P,Q

c

s(c) = sL−1(c) X = XL−1

s(C) =
∑

c∈C\X

w(c)s(c).

c =

(p, q) c′ = (p′, q′)

p, p′, q, q′ c, c′

w(c) = w(c′) b ∈ Bℓ

c, c′ ∈ b

ℓ − 1 ℓ − 1
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L = 5

8× 8
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α(0) = 1



βℓ : c 2→ b f(c) ℓ

|C|
Bℓ

92

h(b) b

U u(c)

c

u ∈ U e(u)

u

X



C L

X ← ∅ B ← L ◃ L

c ∈ C s(c)← 0 ◃

C,L− 1 ◃
∑

c∈C\X w(c)s(c)

C ℓ

|C| < 2 ∨ ℓ < 0

b ∈ Bℓ h(b)← ∅ ◃

c ∈ C h(βℓ(c))← h(βℓ(c)) ∪ c ◃

b ∈ Bℓ h(b), ℓ− 1 ◃

b ∈ Bℓ

X ← X∪ h(b)

h(b)← h(b) \X ◃

|h(b)| < 2 ◃

ℓ = L− 1 a← 2 a← 1

c ∈ h(b) s(c)← s(c) + a2−ℓ|h(b)| ◃

b

|h(b)| Bℓ F ℓ

n = |C|
O(nL)
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(u1)
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(u3)
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x← ∅ U ← ∅
c ∈ C U ← U ∪ u(c) ◃

u ∈ U e(u)← ∅ ◃

c ∈ C e(u(c))← e(u(c)) ∪ c

u ∈ U x← x ∪ e(u) \ c∈e(u) s(c)

x ◃

Z

x← ∅
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x ◃

85 80 3

5

u1, u2, u3

u1, u2

u2, u3



3

P,Q V = P ∪Q
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x ∈ X D
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w(x) ∈ W W

p(x) ∈
R2 σ(x) ∈ R
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g(x) = [p(x) σ(x) θ(x)]

R(x) ∈ R2×2 R(x) = 1

(x) P2(R)
X
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X d

N(x) = {y ∈ X : y ∈ N k
X(x) ∧ d(x, y) ≤ δ}.

X

x ∈ X

Cd(X) = {(x, y) ∈ X2 : y ∈ N(x)},
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